Abstract. Let D(K) be the positively-clasped untwisted Whitehead double of a knot K, and Tp, q be the (p, q) torus knot. We show that D(T 2, 2m+1 ) and D 2 (T 2, 2m+1 ) differ in the smooth concordance group of knots for each m ≥ 2. In fact, they generate a Z ⊕ Z summand in the subgroup generated by topologically slice knots. We use the concordance invariant δ by Manolescu and Owens. More generally, we show that the same result holds for a knot K with |δ(D(K))| > 8 and give a formula to compute δ(D(K)) for some classes of knots. Interestingly, these results are not easily shown using other concordance invariants such as τ -invariants of the knot Floer theory and sinvariants of Khovanov homology. We also determine the infinity version of the knot Floer complex of D(T 2, 2m+1 ) for any m ≥ 1 generalizing a result for T 2, 3 of Hedden, Kim and Livingston.
Introduction
A knotted circle K in S 3 is called smoothly (resp. topologically) slice if it bounds a smoothly (locally flat) embedded disk in B 4 . Two knots K 1 and K 2 are called smoothly (topologically) concordant if K 1 # − K 2 is smoothly (topologically) slice, where −K is the mirror of K with reversed orientation. Modulo smooth concordance, the set of knots forms an abelian group, the (smooth) knot concordance group, C. Note that every smoothly slice knot is topologically slice, but the converse is not true. We let C T S be the subgroup of C generated by topologically slice knots.
The Whitehead double (positively-clasped untwisted) of a knot K, D(K), is a satellite knot defined by the pattern in Figure 1 . Whitehead doubles are interesting classes of knots in the study of the knot concordance. Any class of the Whitehead double of a knot is contained in C T S since it has the same Alexander-Conway polynomial as the unknot and hence is topologically slice by a result of Freedman [4] . However, many of them are not smoothly slice, which show remarkable distinction between the smooth and topological categories in dimension four. It is thus important to understand their concordance properties as portrayed in the knot concordance group. It is also interesting to ask about the effect of D on C, and there is a long-standing conjecture. Note that it is still unknown, as far as the author knows, if the conjecture is true even for some simple knots such as left-hand trefoil or figure-eight knot. One could study Whitehead doubles in C using homomorphisms from C to Z. The knot signature σ gives one such homomorphism. Unfortunately the signature, indeed any invariant of topological concordance group, is not effective homomorphism for Whitehead double knots, since it vanishes for these knots [4] . Heegaard Floer theory provides manifestly smooth concordance invariants, and some of which give homomorphisms from C to Z. One is the τ -invariant, defined using the knot Floer homology of Ozsváth-Szabó and Rasmussen [15, 19, 23] . Manolescu-Owens discovered another concordance invariant δ, twice the Heegaard Floer correction term (d-invariant) of the double cover of S 3 branched over a knot [13] . More recently, Peters studied another concordance invariant d(S 3 1 (K)) given by the correction term of 1-surgery on K ⊂ S 3 [22] . In contrast to the other two invariants, dS 3 1 does not induce a homomorphism to Z. See the survey paper [10] of Jabuka for some applications of Heegaard Floer theory to the concordance group. Rasmussen's s-invariant coming from Khovanov homology is also a powerful concordance homomorphism [24] . It is known that −σ/2 = τ = δ = −s/2 for alternating knots, but they differ in general: see [8] , [13] and [12] .
Even though there are many concordance invariants developed, most of them are inefficient for distinguishing Whitehead doubles in C. The invariants |τ |, −dS 
In particular, τ (D n (K)) is identically either 0 or 1 for any n ≥ 1 and is determined by τ (K), where D n (K) denote the nth iterated positively clapsed untwisted Whitehead double of K. Therefore, it is interesting to ask if it is possible to distinguish the D n (K)'s in C. Using δ-invariants, which are not constrained by the slice genus, we show:
) are not smoothly concordant. In fact, they generate a Z 2 summand of C T S .
In [13] it was computed that δ(D(T 2, 2m+1 )) = −4m. See also Section 5.2. Here, we show that δ(D 2 (T 2, 2m+1 )) = −4 for any m ≥ 1. A tool for our results is a computation of the infinity version of the knot Floer chain complex of D(T 2, 2m+1 ):
where A is an acyclic complex.
More generally, we have the following:
are not smoothly concordant for each n ≥ 2. In fact, they generate a Z 2 summand of C T S .
Additionally, for some classes of knots including (p, q) torus knots, we give an algorithmic formula for testing it in terms of its Alexander-Conway polynomial along with an implementation of a computer program.
Recently, Cochran-Harvey-Horn suggested a bipolar filtration of C and the induced filtration of C T S [3] ,
Since τ of D(K) and D 2 (K) are nonzero for knots K in Theorem 3 and 5, both of them are contained in T /T 0 by [3, Corollary 4.9] . Therefore, their filtration cannot see the difference between D(K) and D 2 (K). On the other hand, using those knots, we get the following corollary relating to the filtration. Let C ∆ be the subgroup of C T S generated by knots with trivial Alexander-Conway polynomial.
Remark 8. Recently, in [9] Hom showed there is Z ∞ summand of C T S , but her technique cannot see the difference between the iterated Whitehead doubles in C either.
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Preliminaries
In this section we briefly recall the Heegaard Floer and knot Floer theory, the staircase complexes and some invariants induced by them.
2.1.
Heegaard Floer homology and knot Floer invariants. For simplicity, we work with coefficients in F, the field of two elements. For a rational homology three-sphere Y equipped with a spin c structure t, one can associate to it a relatively Z graded and filtered chain complex CF ∞ (Y, t), a finitely and freely generated F[U, U −1 ]-module. In particular the filtration is given by the negative power of U , and U -multiplication lowers the homological grading by 2. The filtered chain homotopy type of CF ∞ (Y, t) is known to be an invariant of (Y, t). For more detailed and general exposition of the theory we refer to [17, 18] . 
. We usually drop the spin c structure in the notation if there is a unique one. A knot K in an integer homology three-sphere Y has an associated Z ⊕ Z filtered chain complex CF K ∞ (Y, K) which reduces to CF ∞ (Y ) after forgetting the second Z filtration. The U -multiplication decreases both of the filtration levels by 1. The filtered chain homotopy type of CF K ∞ (Y, K) is an invariant of the knot and we refer it as the knot Floer invariant of (Y, K) [19, 23] . We denote by
. As a consequence, for a knot K in S 3 , we obtain an induced sequence of maps: [15, 23] it was shown that τ is a concordance invariant. For a knot K in S 3 we abbreviate the notations by CF K For instance, complexes generated by St(1, 1, 1, 1) and St(1, 2, 2, 1) are shown in Figure 2 .
The knot Floer invariant is a categorification of Alexander-Conway polynomial ∆ K (t), in the following sense:
where ∆ K (t) is the symmetrized Alexander-Conway polynomial of K and χ is the Euler characteristic. Conversely, for some classes of knots such as alternating knots and L-space knots (including torus knots), the knot Floer complex of a knot is determined by its Alexander-Conway polynomial [16, 20] . For an L-space knot, K, the AlexanderConway polynomial has the form ∆ K (t) =
where i runs from 0 to 2m − 1 and U -multiplication is naturally extended: i.e. if x is a generator in (i, j)-filtration level, then U n x sits in (i − n, j − n)-filtration level, and
) is generated by St(1, · · · , 1) of length 2m + 1. The knot Floer complex of T 3, 4 can be given by St(1, 2, 2, 1) Figure 2 . Accordingly, it is easily obtained that τ (T p, q ) = (p − 1)(q − 1)/2 from its staircase complex, see also [15, Corollary 1.7.] . In particular, τ (T 2, 2m+1 ) is equal to m.
The absolute grading, correction term and concordance invariants.
There is a well-defined Q-valued map from generators of Heegaard Floer homology groups called the absolute grading with the following properties [21] :
• The absolute grading respects the homological grading of CF ∞ (Y ).
• The absolute grading of a generator in HF (S 3 ) ∼ = F is 0.
•
Here, c 1 is the first Chern class, χ is the Euler characteristic, σ is the signature of the intersection form of W , and
is the map induced by the cobordism W . See [21] for a discussion about the maps induced by a four-dimensional cobordism. We usually write down the absolute grading using a subscript with parenthesis, for example, HF (S 3 ) ∼ = F (0) . With the help of the absolute grading, the correction term (d-invariant ) of (Y, t) is defined [14] :
where π is the map from HF ∞ (Y, t) to HF + (Y, t) in (1). In [13] , Manolescu-Owens showed that the d-invariant of the double cover of S 3 branched over a knot K is a concordance invariant for K:
where Σ(K) is the branched double cover of S 3 along K, and t 0 is the Spin c structure of Σ(K) such that c 1 (t 0 )=0∈H 2 (Σ(K); Z). They showed that δ = τ for alternating knots and knots with up to nine crossings. They also showed δ of Whitehead double of an alternating knot K determined by τ (K):
Therefore, it easily follows from the theorem and the computation of τ in the previous section that δ(D(T 2, 2m+1 ))= − 4m. See also Section 5.2.
The d-invariant of the 1-surgery of S 3 along the knot K, d(S 3 1 (K)), is also a concordance invariant. In [22] , Peters gives an algorithm of computing d(S Here, we will prove that the result can be generalized to the torus knots T 2, 2m+1 for m ≥ 1, and furthermore CF K ∞ (D(T 2, 2m+1 )) will be completely determined.
Before proving the theorem, recall the following useful lemma regarding how a basis change in a filtered chain complex over F affects the diagram of a knot Floer chain complex.
Lemma 10. [6, Lemma A.1.] Let C * be a knot Floer complex with a 2-dimensional arrow diagram D given by an F-basis. Suppose that x and y are two basis elements of the same grading such that each of the i and j filtrations of x is not greater than that of y. Then the Z ⊕ Z filtered basis change given by y ′ = y + x gives rise to a diagram D ′ of C * which differs from D only at y and x as follows:
• Every arrow from some z to y in D adds an arrow from z to x in D ′
• Every arrow from x to some w in D adds an arrow from y ′ to w in D
′
We use the above lemma for the purpose of removing certain boundary arrows in chain complexes over F. For example, the proposition below will be useful for proving Theorem 4.
Proposition 11. Suppose C is one of the Z ⊕ Z filtered chain complexes over F given by the diagrams in Figure 3 with any possible combination of dotted arrows. Then all dotted arrows can be removed by a basis change.
Proof. First, consider the complex (I) 
Similar argument is applied to remove any combination of possible dotted arrows in the complexes (II) and (III).
Proof of Theorem 4. Let D be D(T 2, 2m+1 ) for m ≥ 1. Theorem 1.2 of [5] together with the computation of CF K(T 2, 2m+1 ) shows that
We assign an F-basis to each summand in the direct decomposition as below:
where the superscript of a generator represents its absolute grading. 
. First, note that there are no components of the boundary maps between generators of the same (i, j)-filtration since they would reduce HF K * (D). Thus, we can decompose the boundary maps ∂ to the vertical, horizontal and diagonal components, ∂ = ∂ V + ∂ H + ∂ D . Also, we remark that it is enough to determine boundary maps of F[U, U −1 ]-generators in CF K ∞ because the boundary map is U -equivariant.
Exactly the same argument as [6, Proposition 6.1] can be used to determine ∂ V and ∂ H i.e. by the fact that H * ( CF K(D)) = F (0) and using grading consideration, after changing basis, we can assume that 
is isomorphic to HF (S 3 ) ∼ = F (0) and ∂ 2 = 0, the horizontal boundary components can be assumed as following: These observations allow us to apply Corollary 11 inductively to remove all diagonal arrows in the complex.
We start to remove any diagonal arrows from A After applying the basis-change, two types of newer diagonal arrows will be added due to arrows coming to A First, we present a lemma that relates the δ-invariant of a Whitehead double to dS 
where K is the mirror image of K.
Recall that the double cover of S 3 branched over D(K), Σ(D(K)), can be obtained by 1/2-surgery along K#K r in S 3 , where K r is the knot K with its orientation reversed, see [13, Proposition 6.1] . From the definition of δ-invariant,
Proof of Theorem 3. By applying the lemma above to D 2 (T ), we have
where T = T 2, 2m+1 . To compute d(K 1 ), it suffices to understand CF K ∞ (K) [22] . Let us recall the algorithm. Pick ξ, a generator of H * (CF K ∞ (K) {i=0} ) ∼ = F. Note that any generator become zero in CF K ∞ {i≥0 or j≥0} by the multiplication by high enough power of U . Then
Since the knot Floer complex is unchanged under the orientation reversal [19, Proposition 3.9.] and by the connected sum formula for knot Floer complexes in [19, Theorem 7.1.] , 
Generalization of the result
In this section we discuss how to generalize the result for T 2,2m+1 to other knots. First, we use a genus-bound property of the concordance invariant dS 
Therefore, if δ(D(K)) < −8, equivalently dS 
where Vert(St(K)) is the set of the coordinates of the generators of St(K). Remark 16. This conjecture is possibly approached using gauge-theoretic invariants. See [7] .
Implementation. We wrote a C++ program computing dS 3 1 (K) and δ(D(K)) for a (p, q) torus knot or a staircase complex of K. You may download the source file in the author's webpage. In order to algorithmically obtain the staircase complex (equivalently Alexander-Conway polynomial) of a (p, q) torus knot in the program, we used the subsemigroup of N generated by p and q, see [2] .
